BfiyTpeHHHe H30MeTpHH 
B eBKJIH^OBO npocTpaHCTBO. 

Ahtoh rieTpyHHH 



AHHOTaii;Hsi 

51 paccMaTpHBaio npocTpaHCTBa, flonycKaiODTHe «BHyTpeHHHe iraoMeT- 
Phh» b d-MepHoe eBKjiHflOBO npocTpaHCTBO. Ochobhoh pe3yjibTaT COCTO- 

HT B TOM, HTO KJiaCC TcLKHX IipOCTpaHCTB COBIiaflaeT C KJiaCCOM o6paTHbix 

npeflejiOB d-MepHBix noniraflpoB. 



1 BBefleHne 



BHyTpeHHHe H30MeTpHH onpeflejieHbi b pa3,n,ejie 2, sto BapnarniH iiohhthh U30- 
Mempuu na nymsix, T.e. OTo6paa;eHHH, coxpaHsioiHHX fljiHHbi KpiiBBix. JIio6aa 
BHyTpeHHHH H30MGTpiiH HBjiHeTca H30MGTpneH Ha nyTHx, o6paTHoe, BOo6me ro- 
Bopa, He BepHO. CneflyioiHee yTBepjK^eHHe HBjiaeTCH o/nroii H3 npiiHHH, noneMy 
a npeflno^niTaio noHHTne BHyTpeHHeii H30MeTpnii. 

1.1. CTapTOBoe npeflJiojKeHHe. TlpednoAOMCUM, umo KOMnanmnoe Mempu- 
uecKoe npocmpaHcmeo X donycnaem eHympennwm uaoMempuw e d-Mepnoe ee- 
KJiudoeo npocmpaHcmeo (dajiec o6o3HauaeMoe W. d ). Tozda dim A" ^ d, zde dim 
o6o3Hauaem pa3Mepnocmb JIe6eza. 

3to npefljiojKeHHe ,n,OKa3biBaeTCH b pa3/i,ejie 3. IIpHMep 4.2 noKa3biBaeT, hto 
pjin H30MeTpHii Ha nyTHx 9to yTBepjKfleHHe He BepHO. Xayc^opcpOBa pa3Mep- 
hoctb X TaK»ce He mojket 6biTb orpaHHneHa. HanpnMep, R-^epeBO flonycKaeT 

BHyTpeHKDK) H30MeTpHK) B R, npH 3T0M OHO COflepJKHT KOMnaKTHbie nOflMHOJKe- 

CTBa npoii3BOjibHO 6ojh>hioh xaycflopepOBOft pa3MepnocTH. 

Bot HecKOjibKO H3BecTHbix pe3yjibTaTOB o npocTpancTBax, flonycKaioiHirx 

BHyTpeHHHe H30MeTpHH B E d . 

1.2. Teopeivra. IIycmt> 7Z ecmt> d-Mepnoe puManoeo npocmpancmeo u f: 1Z — > 
— > ¥, d — KopomKoe omo6pacnceHue 1 . Tozda 3ah aw6ozo e > cymecmeyem 
enympennsisi u30MempuA i: 7Z — > E d manaK,nmo 

\f(x)i(x)\ E d < e 

djlH AKl6o30 x € 1Z. 

B uacmnocmu, Atodoe d-Mepnoe puManoeo npocmpancmeo donycnaem enym- 
penmoto u30Mempmo e E d . 

JlflA H30MeTpHii Ha nyTsx 3to TeopeMa 6bijia flOKasana Tpomobbim [6, 2.4.11], 
ho flOKa3aTejibCTBO pa6oTaeT ajih BHyTpeHHHx H30MeTpHH 6e3 KaKHx-jin6o 113- 
MeHeHHH. H3 3toh TeopeMbi cjie/jyeT, hto npoH3BOjibHbiH npe^eji B03pacTaioiH,eH 
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nocjieflOBaTejibHOCTH piiMaHOBbix MeTpHK na (pHKCiipoBaHHOM MHoroo6pa3Hii 
,n,onycKaeT BHyTpeHtnoio H30MeTpmo b K d , ,u,0Ka3biBaeTCH aHajiorHHHO ycjiOBHio 
floCTaTOHHOCTH b ocHOBHOii TeopeMe (1.5). B nacTHOCTH, jiio6aa: cy6pHMaHOBa 
MeTpuKa Ha d-MepHOM MHoroo6pa3iiH flonycicaeT BHyTpetraioio H30MeTpHK> b E rf . 

1.3. TeopeMa. IJycmb V ecmt, noAusdp u f : V — > K d — Kopomnoe omo6pa- 
Qfcenue. Tozda djifi aw6ozo e > cyuificmeycm KycouHO-AUHeuHaji eHympennsifi 
u30Mempusi % : V — > E d manasi, nmo 

\f(x)i(x)\ E d < e 

3am jiw6ou mOHKU x *E V. 

1.4. CjieflCTBHe. JIm6ou d-Mepnuu noAUddp donycKaem KycoHHO-Auneutiyw 
eHympeuwrnm u30Mempuw e K d . 

CjieflCTBiie 1.4 6bijio ,a,OKa3aHO 3ajirajijiepoM [7] pjia pa3MepHOCTeii ^ 4, 
ho He6ojibHiaa MOflH(pHKarniH ,ii;0Ka3aTejibCTa pa6oTaeT bo Bcex pa3MepHOCTHx, 
3to 6hjio noKa3aHO KpaT [9] . ^ByMepHbiH cjiy^aii BbinienpiiBefleHHOii TeopeMbi 
6biji TaK»ce flOKa3aH KpaT. Ilo3}Ke AiconaH [1] o6o6ihhji sto ,n;0Ka3aTejibCTB0 
Ha Bee pa3MepH0CTH, Hcnojib3ya KycoHHO-jiHHeiiHbiH aHajior TeopeMbi Hsma — 
Keiinepa. 3t& TeopeMa 6bi.ua flOKasana BpsMOM [5], ho ero paSoTa Ha MHonie 
roflbi 6bijia ocTaBjieHa 6e3 bhahmoto BHHMaHiiH h nepeflOKa3aHa He3aBHCHMO 
AKonanoM h TapacoBbiM [2]. 

Heo6xo^HMoe h floCTaTOHHoe ycjiOBHe. KoMnaKTHoe MeTpHnecKoe npo- 
CTpancTBO X Ha3biBaeTCH npoeeKAudoeuM npocmpaHcmeoM pama ^ d, ecjin 
oho MO»ceT 6biTb npeflCTaBjieHO KaK o6pamHuu npedeA 2 X = lim V n nocjieflo- 

BaTejIbHOCTH C?-MepHbIX nOJIHSflpOB V n - 

1.5. OcHOBHaa TeopeMa. KoMnanmnoe MempuuecKoe npocmpancmeo X do- 
nycKaem eHympeHHWio u30Mcmpum e E d mozda u mOAtno mozda, nozda X sie- 
Afiemcsi npoeeKAudoeuM npocmpancmeoM pama ^ d. 

cpopiviyjiHpoBKa STOit TeopeMbi 6ojiee HHTepecHaa Hexcejin ee flOKa3aTejibCTBO 
— no-MoeMy, sto nepBbiii cjryraH, KOiyja o6paTHbie npe^ejibi peniaroT ecTecTBeH- 
Hyio reoMeTpHnecKyio sa^a^iy. 

H3 ochobhoh TeopeMbi cjie^yeT, hto yTBepjKfleHHe TeopeMbi 1.2 (p<Jisi kom- 
naKTHbix npocTpaHCTB) SKBHBajieHTHO TOMy, hto jnoGoe c?-MepHoe piiMaiiOBO 
npocTpancTBO HBjiHeTCH npoeBKjiHflOBbiM npocTpancTBOM paHra d. IlocjieflHee 
yTBepjK,n;eHHe cjieflyeT HanpsMyio H3 ynpajKPienHH hhjkb. B nacTHOCTH, ochob- 
Haa TeopeMa flaeT ajibTepHaTHBHoe flOKa3aTejibCTBO TeopeMbi 1.2 pjin KOMnaKT- 
hmx npocTpaHCTB . 

1.6. YnpaiKHHeHHe. /foKaotcume, umo aw6oc KOMnanmnoe puManoeo npo- 
cmpaHcmeo donycKaem Aunmwacey annpoKCUMavAiw noAUDdpaMU. 

He npHMep. HanoMHiiM, hto npocTpaHCTBO MntiKOBCKoro - sto KOHenHOMep- 
Hoe BeKTopHoe npocTpaHCTBO c MeTpHKOii, HHflyrnipoBaHHofl HeKOTopoii Hop- 

MOII. 

2 onpeflejieHHe o6paTHoro npe^ejia flam b pa3flejie 2 
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1.7. IIpefljio>KeHHe. Ilycmb Q ecmb orriKpumoe nodMHoatcecmeo d-Mepnozo 
npocmpaHcmea Muhkobckozo M. d . TIpednoAOCHCUM, umo fl donycKaem enympeH- 
hww 3 u30Mempum e E m , mozda d ^ m u M d u30MempuHH0 E d . 

B nacTHOCTH, ycjiOBne b 1.1 Ha pa3MepH0CTi> Jle6era He floCTaTOHHO. 

Bjiaro,a,apHOCTH. Abtop BbipajKeT npii3HaTeji:bHOCTb A. AKonaHy, ,ZJ. Byparo, 
C. HBaHOBy h aHOHHMHOMy peepepeHTy 3a nojie3Hbie nncBMa h 6eceflbi. 

2 npe,a,BapHTejibHt.ie 3aMenaHHa 

CorjiaineHHH. PaccTOHHHe Meatfly tohks-mh x h x' MeTpH^ecKoro npocTpaH- 
CTBa X 6yfleT o6o3HanaTbCH \xx'\ hjih |xjc'|^. 

0To6pa»ceHHe / ' : X — > y MejK/ry MeTpH^ecKHMii npocTpaHCTBaMH X n y 
Ha3biBaeTca KopomKUM, ecjin 

\f(x)f(x')\y < \xx'\ X 

flJISI JH06bIX x,x' G X. 

IlpocTpaHCTBO V c BHyTpeHHeit mgtphkoh Ha3biBaeTCH d-MepuuM no/iusd- 
poM, ecjiH cymecTByeT KOHenHaa TpHaHryjianiiH V, Ka>Kflbiii CHMnjiexc b koto- 
poii H30MeTpHieH CHMnjiexcy b E d . 

06paTHbiii npefleji. PaccMOTpHM o6paTHyro CHCTeMy KOMnaKTHbix MeTpHHe- 
ckhx npocTpaHCTB (Af„)^?_ h KopoTKHx OTo6pa:>KeHiiH ip m _ n : X m — > X n npn 
m ^ n; to ecTt: 

1- <Pm,n ° Vfe.m = fk,n flJIH JH060fl TpOHKH fc ^ 771 ^ 71 H 

2. jno6oro n OTo6pajKeHHe (p^.n : — > X n TOJK/jecTBCHHO. 
KoMnaKTHoe MeTpH^ecKoe npocTpaHCTBO X HBjiaeTCH o6pamHUM npede/ioM cu- 
cmeMU (ip m ,nj X n ) (fljra KpaTKOCTH X = ]^mX n ), ecnii ero nofljie:>KaiHee mhojkc- 

CTBO COCTOHT H3 BCeX nOCJieflOBaTejIBHOCTefl X n G X n TaKHX, hto tp m ,n(%m) = x n 

fljia Bcex m ^ n, h fljia: flByx TaKHX nocjieflOBaTejibHOCTeii (x n ) h (a;^) paccTO- 
snme onpe/i,ejiHeTCH KaK 

\(x n ) {x' n )\ x = lim |x n x^|^„. 

BiycTb X = lim A"„ , Tor^a OTo6pajKeHiiH ip n : X — > X n , onpeflejiaeMbie KaK 
ip„ : (£i)°^ i y x n Ha3biBaiOTCa: npoeKV,usiMU. TaKHM o6pa30M, ip„ = ip m . n a ip m 
fljisi Bcex m ^ n. 

KoMMenmapuu. BbinienpiiBefleHHoe onpe,n,ejieHHe SKBHBajieHTHO o6biHHOMy 06- 
paTHOMy npe^ejiy b KaTeropna, b KOTopoft o6 r beKTbi — KOMnaKTHtie MeTpHne- 

CKHe npOCTpaHCTBa, a MOp(pH3M:bI — KOpOTKIie OTo6pa»ceHHH. 

3aMeTbTe, hto o6paTHbiii npe^eji He Bcer/j,a onpeflejieH, h ecjin onpeflejieH, 
to pe3yjn>TaT KOMnaKTeH no onpeflejiemiio. (B npiiHHiine, KaTeropnio KOMnaKT- 
hbix MeTpHnecKHx npocTpaHCTB mojkho pacniHpHTb TaK, hto6i>i npefleji J1106011 
o6paTHOii CHCTeMbi 6biji onpe/i,ejieH.) 

HeTpy,n,HO BH^eTb, hto o6paTHbiii npe fleji npocTpaHCTB c BHyTpeHHeii MeT- 
piiKoii TaKJKe HMeeT BHyTpeHHioio MeTpiiKy. 

3 TO >Ke BepHO H flJIH H30MeTpHit Ha nyrax 
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Boo6me roBopa, o6paTHbiit npe^eji chctcmbi npocTpaHCTB mojkbt OTjinnaTb- 
ca ot npe^ejia no FpoMOBy — Xayc,a,opcpy. HanpiiMep, paccMOTpHM o6paTHyio 
CHCTeMy X n = [0, 1], c OTo6pa*;eHHs:MH ip m _ n {x) = 0. 06paTHbiii npe^eji stoh 
CHCTeMbi H30MeTpHHeH oflHOTOHenHOMy npocTpaHCTBy, TOiyja KaK npe^eji no 
TpoMOBy — Xaycyippcpy H30MeTpHneH 0Tpe3Ky [0, 1]. TeM He MeHee HeTpyznro 

BH^eTb, HTO eCJIH JIK)6orO £ > o6pa3BI (p r n,n 

o6pa3yiOT 

Bcex /i,ocTaTOHHO 6ojibinnx m n n , to X = lim X n H30MeTpHneH npe^ejiy no 
TpoMOBy — Xayc,n,opcpy. 

BHyTpeHHHe H30MeTpra h noflHaraa MeTpHK. IlycTb X n y cyTb MeT- 
pH^ecKHe npocTpancTBa, n /: X y ecTb HenpepbiBHoe OTo6pa»ceHHe. fljrn 
Tonex x,x' G X nocjieflOBaTejibHOCTb ToneK x = xq,x\, . . . ,x n = x' b X Ha3bi- 
BaeTCH e-nenbio H3 x b x' , ecjin | cc^ i a;^ | ^ e ajih Bcex i > 0. OnpefleroiM 

pull /e (x,x') = inf jl! 1/(^-0/(^)1^1 

Tflfi HHCpHMyM B3HT nO BCeM £-U,en3M (Xi)f_ H3 X b x' . 

3aMeTHM, hto pullj e ecTb nceBflOMeTpnKa 4 Ha X. Jlpjiee, pully £ (x, x') He 
B03pacTaeT no e. 3HaHHT, cymecTByeT (bo3mo>kho SecKOHenHbiit) npe^eji 

pullj(x, x') = lim pullf E (x, x ). 

EtceBflOMeTpHKa pull j : X x X — > [0, oo] 6yn,eT Ha3biBaTbca nodnsimueM MeTpinai 
no /. 

OTo6pa»ceHHe / : X — > y Ha3bmaeTCH enympeHHeu u30Mempueu, ecjin 

|xx'|^ =pully(x,x') 

fljia jno6bix x, x' G A". 

JIio6aH BHyTpeHHHH H30MeTpHH HBjiHeTCH KopoTKHM OTo6pa»;eHHeM. Bojiee 
Toro, jierKO BH^eTb, hto BHyTpeHHHH H30MeTpnn coxpamnoT pjnma KpnBbix. 
06paTHoe He BepHO, cm. pa3,n,eji 4. 

2.1. IIpefljio>KeHHe. jUycmtt X — KOMnanmnoe (ujiu dacuce oepatiUHetiHO kom- 
nanmnoe 5 ) MempuuecKoe npocmpaHcmeo. Toeda cyuificmeoeanue enympeHHeu 
u30Mempuu f : X — > y ejieuem mo, nmo MempuKa na X nejisiemcfi enympeH- 
Heu. 

^],OKa3aTejibCTBO 3Toro npefljioxceHnH npefloCTaBjiaeTCH nnTaTejno. 3aMe- 
tem, hto b o6meM cjiynae sto He BepHO. PaccMOTpHM /i,Be tohkh, coeflHHeHHbie 

CHeTHbIM HHCJIOM KOnnfi eflHHHHHblX OTpe3KOB I„ H OflHIM OTpe3KOM flJIHHbl 5 

c ecTecTBeHHOit BHyTpeHHeit MeTpnKoit. Bbi6pocnM 113 SToro npocTpaHCTBa ot- 
pe30K fljiHHbi g, MeTpnKa Ha nojiy^eHHOM npocTpaHCTBe X He aBjiaeTca BHyT- 
peHHeit. ^ajiee nocTponM OTo6pajKeHne f:X—>M. TaK, hto cysceHHe /„ = f\j, n 
HBjiaeTCH BHyTpeHHeit H30MeTpHeit, / n (0) = 0, / n (l) = \ n / n (x) paBHOMepHO 

CXOflHTCH K 2, HeTpy^,HO BHfleTb, HTO /: X — > R eCTb BHyTpeHHHH H30MeTpHH . 

4 to ecTb pullj- e y^oBjieTBopaeT HepaBeHCTBy TpeyrojiBHHKa, OHa CHMMeTpHMHa, HeoTpH- 
□.aTejibHa h pull^ E (x, x) = 0, ho MOjKeT cjiyHHTBca, hto pull^- E (x, x') = npn x =^ x' . 
5 To ecTB Bee 3aMKHyTBie orpaHiiMeHHBie MHO>KecTBa b X KOMnaKTHM. 
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2.2. IIpefljio>KeHHe. Ilycmb X uy — MempunecKue npocmpaHcmea, X kom- 
ticlkuiho u nenpepuenoe omo6pacnceHue f : X — > y manoeo, nmo 

sup pullf(x, x') < oo. 

x,x'eX 

Toeda 3asi jik>6ozo e > cyuificmeycm 5 = S(f, e) > maKoe, umo 
\f(x) h(x)\y < 5 djui aw6ou mOHKU X G X 

eAenem 

pully (2;, x ) < pull h (a;, a;') + e djm jik>6ux x, x g <-f . 
IIpe/i,jiojKeHHe cjie^yeT HanpaMyio H3 jieMMbi 2.3. 

JX-jia KOMnaKTHoro MeTpH^ecKoro npocTpaHCTBa X h e > o6o3HanHM nepe3 
pack^A" MaKCHMajibHoe hhcjio tohck b ^ Ha paccTOHHHH > e flpyr ot flpyra. 
OneBiiflHO, ^ito pack e A' kohghho . 

2.3. JleMMa. Ilycmb X u y — Mempuuecnue npocmpaHcmea, X KOMnaKmno 
u f,h: X — > y — dea Henpepuenux omo6paotceHusi. 

YlpcdnoAOMcuM, nmo \f(x)h(x)\ < S 3asi mo6ozo x G X . Toeda 

pull^ e (.T, x') ^ pull/j _ e (x, x') + A-S-pack E X. 
3asi jiw6ux x,x' G X . 

/JoKa3ameAbcmeo. IIpe/niojiojKiiM, pull/j e {x, x') < £, to ecTt cymecTByeT e-nerib 
{xi}™ =0 w3 x b x' Tarcaa. hto 

n 

J2\H^-i)h(x t )\y<£. (*) 

i=l 

IlocKOjibKy \h(xi)f(xi)\ < <5, 

n n 

pul\ f E (x,x') ^ 1/(^-0 f( x i)\y < \h(xi-i) h(xi)\y + 2-n-S 

i=l i=l 

IlpeflnojiojKHM, n ecTb MHHiiMajitHoe hhcjio, pjin KOToporo cymecTByeT e- 
neiib, yflOBjieTBopjHomas (*)• flocTaTOHHO noKa3aTi>, hto 

n < 2-pack e A'. 

Ecjih n ^ 2-pack e A", to Haii/ryTca iij Taxne, hto j — i > 1 h |.TiXj| ^ £. 
Bi>i6pocHM H3 nenn Bee ajieMeHTbi Xk c £ < k < j, to ecTb paccMOTpiiM HOByio 
e-uenb 

/ 

.T Xo j • ■ • , Xi—i , Xi , Xj" , Xj"+i , . . . , X n X 

TLo HepaBeHCTBy TpeyrojibHHKa b y HOBaa uenb yapBjieTBopaeT (*). SHaniiT, n 
He MHHHMajIBHO — npoTHBopeHHe. □ 

2.4. IIpefljio>KeHHe. Ilycmb X uy — MempuuecKue npocmpancmea, X kom- 
naKmno u 1: X — » y — enympcnnsisi u30Mempusi. 
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Tozda djin aw6ozo e > cyuificmeyem S = S(i,e) > manoe, umo 3am 
aw6ozo C6M3H080 MHoatcecmea W C X 



floKa,3ameji'bcmGO. IIpeflnojiojKHM npoTHBHoe, to ecTb cymecTByeT nocjie^OBa- 
TejibHOCTb CBH3Hbix npocTpaHCTB W n C X TaKaa, hto diami(W n ) — > H 
diamW„ > e. 3HanHT, cymecTByiOT ,n,Be nocjieflOBaTejibHOCTH tohck x n ,x' n € 
£ W n Taiaie, hto |x n a;^| s. IIocKOjibKy X KOMnaKTHO, mo»cho nepeiiTH k 
noflnocjieflOBaTejibHOCTH n Tax, hto x n — > x, x' n — > x' h W n — > W b CMbicjie Xa- 
ycflopepa. 3aMeTHM, hto cbjqhoctb W„ BjieneT cbh3hoctb W. TaKHM o6pa30M, 
Mbi nojiynaeM 3aMKHyToe CBH3Hoe mhojkcctbo W C X c flByMH pa3jiHHHBiMH 

TOHKaMH X H x' TaKOe, HTO I IIOCTOHHHO Ha W . 

Tax, fljia jiio6oro e > cymecTByeT e-n,enb (xi)" =0 m3ibi' Taxaa, hto 
i(xo) = = • • • = i(x n ). OTCio/ja pullj e (x,x') = ppsi jiio6oro e > 0. To 

ecTb, pullj(a;, a;') =0 — npoTiiBopeniie. □ 

3 ^OKasaTejibCTBa 

/toKasameA&cmeo cmapmoeozo npedAODtceuufi (1-1)- IlycTb e > 0. Bbi6epeM 5 = 
= S(i, e) k&k b npefljiojKeHHH 2.4. IIocKOjibKy dimE d = d, cymecTByeT KOHennoe 
OTKpbiToe noKpbiTiie {Ui} o6pa3a t(X) c KpaTHOCTbio ^ d + 1 a Taxoe, hto 
diam Ui < S pjin Bcex i. 

PaccMOTpuM noKpbiTHe {V a } npocTpaHCTBa X bccmh cbh3hbimh KOMnoneH- 
TaMii Bcex MHO»cecTB CorjiacHO npefljiojKeHHio 2.1 npocTpaHCTBO X 

HMeeT BHyTpeHHioio MeTpiiKy. B nacTHOCTn, Bee MHoacecTBa V a otkpbitbi. 3a- 
MeTHM, hto KpaTHOCTb {V^} He npeBoexoflHT KpaTHOcra {Ui} h diamV^ < e 
(nocjieflHee cjie/ryeT H3 npe/i,jio»ceHHH 2.4). □ 

/toKasameAbcmeo docmamoHHOcmu ycAoeun e 1.5. HycTb X ecTb npoeBKjin- 
,HObo npocTpaHCTBO paHra ^ d. IlpeflnojiojKHM, ("P„)^q ecTb nocjieflOBaTejib- 
hocti> d-MepHbix nojiHSflpoB h tp m ^ n : V m — > V n — o6paTHaa CHCTeMa kopotkhx 
OTo6pa»ceHHH Taxaa, hto X = \^mV n . 06o3HanHM nepe3 ip n : X — > V n cooTBeT- 
CTByiomHe npoeKHini. 

CoraacHO TeopeMe 1.3 fljis jno6oro e n +i > h KycoHHO-jniHeiiHoii BHyT- 
peHHeit H30MeTpHH i n : P„ —¥ K d cymecTByeT KycoHHO-jiHHefiHaa: BHyTpeHHHH 
H30MeTpna i„+i : V n +i — > IE d TaKaa, hto HepaBeHCTBO 

\l n+ l(x) l n °fn+l,n(x)\ < e„+l 

BbinojiHaeTCH fljia jno6oft tohkh x € V n - OctcLGtcs noKa3aTb, hto nocjieflOBa- 
TejibHOCTb e n MOJKeT 6biTb Bbi6paHa Tax, hto i n °^Pn cxo^htch k BHyTpeHHefi 
H30MeTpHii 1: X — > E d . 

Bti6epeM E n +\ > Tax, hto 




diam W < e. 



e n+ i < \ min{e„, 8(i ni i)} , 




G 



OneBn^HO, ^ito % — KopoTKoe. fl^jiee, 



oo 



\%{x) l n °1pn{x)\ < ^2 



Si < S(l n , i) 



i— n+1 



pjin jiioGoro x <E X. TaK, corjiacHO npefljiojKeHiiio 2.2, 



pull, fox') + i > pull^^^x') > \ip n (x) ip n (x')\v n - 



IIocKOjibKy \ip n (x) ip n (x')\-p n —> \xx'\x npH n — > oo, OTo6pajKeHiie A" — > E' 



/^onaaamejibcmeo neo6xoduMocmu ycjioeusi e 1.5. Mm npoBe^eM nocTpoemie 
nojiHSflpa V no BHyTpeHHeft H30MeTpiiH i : X — > E d h 3aMOineHino K d Koop/ni- 
naTHbiMH a-Ky6aMn, to eerb, Ky6aMH co CTopoHoii a. (Tlomispp V 6yn,eT CKjieeH 
H3 a-Ky6oB.) IlocTpoeHHe 6yn;eT o6jiaflaTi> cjieflyionniM cbohctbom: ecjiH 3aMO- 
meHHe t' HBjiaeTCH no [ apa36neHHeM 3aMomeHHH r, to p,sm cooTBeTCTByioiniix 
nojiHSflpoB V' ii V cym,ecTByeT ecTecTBeHHaa BHyTpeHHHH H30MeTpHH V' — > V . 
TaKiiM o6pa30M, mm cmohccm nocTpoHTb Heo6xo,n,HMyio o6paTHyio CHCTeMy no- 
jinsflpoB no nocjie/i,OBaTejii>HOCTH no/ipa36HeHHH o/nroro 3aMOineHHH E d . 

IlycTb a n = 7^- n r n = jQ-a n . 3a<piiKCiipyeM n Ha HeKOTopoe BpeMH. Pac- 
cmotphm 3aMom,eHiie E d KOop/niHaTHMMii a rl -Ky6aMH. 

06pa3 i{X) noKptiBaeTCH KOHenHMM ceivieiiCTBOM a„-Ky6oB {D^} H3 Haniero 
3aMOineHHH. JXnsi Kaacfloro O l n paccMOTpnM Bee CBH3Hbie KOMnoHeHTbi {W 7 , 2 /} 
MHOJKecTBa B rn (i~ 1 (U\\ l )) C X, rfle B r (S) o6o3HanaeT r-OKpecTHOCTb MHOJKe- 
CTBa S. 

CorjiacHO npefljioxKHHio 2.1, npocTpancTBO X HMeeT BnyTpeHHioio MeTpnKy 
B nacTHOCTH, KajK/jpe mhojkgctbo W%j otkpmto h co^epjKHT map pa/niyca r n . 
OTCio/ja, fljia: (pHKCiipoBaHHoro i ceMelicTBO {W^} kohctho. TaKHM o6pa30M, 
Bee W n J o6pa3yiOT KOHennoe OTKpbiToe noKpbiTne X. /I,jih Ka>K,i],oro W n J 3aro- 
tobhm Konnio DJf Ky6a O l n c H30MeTpnefi i% : □Jf — > O l n . ITojinsflp V n kjichtch 
H3 DJf no cne/iyioineMy npaBiuiy: Ky6 CKjieeH c D^ 2 -' 2 no {i 1 ^ 2 )^ 1 ° i 1 ^ 1 

Tor^a n tojibko Torfla, Korfla W n ljl H W l2j2 ^ 0. (3aMeTKre, hto (ijf j ' 2 ) _1 ojjj 3 ' 1 
H30MeTpnnHO OTo6pa»caeT o^Hy rpaHb D^ 1 - 71 Ha rpaHb D* 232 .) 

IIocTpoeHHbiii nojnisflp P„ flonycKaeT ecTecTBeHHyio KycoHHO-jiHHefiHyio BHyT- 
peninoio ii30MeTpino i n : Vn — > E d , onpe,nejia:eMyio KaK i n (x) = i%(x) npn 
x € . ^Hajiee, cyinecTByeT oflHOSHa^HO onpeflejieHHaa: BHyTpeHHHH H30MeTpHH 

^Pm,n '■ V m — > V n npH 7TI ^ 7Z, KOTOpaH yflOBJieTBOpHeT yCJIOBIIHM l ni = l n O (/5 mj „ 

h TaKaa, hto 



IIpoeKii;iiH ip n : X V n o,nH03HanHO onpeflejraiOTCfl ycjiOBHHMH i n o -0 n = i n 



OneBiiflHO, BMecTe c <p mjrl o6pa3yiOT o6paTHyio CHCTeMy, vnp n = ip m-n o ?/>, 
npn Bcex m ^ n. 

MTo6bi flOKa3aTb X = \imV n , AOCTaTonHO npoBepnTb, ito 



eCTb BHyTpeHHHH H30MCTPIIS. 



□ 




(*) 
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pjin Bcex x, x' G X . 

MHOJKecTBa K C V n o6o3Ha ii iHM Hepe3 K* C X o6 r be r n;HHeHHe Bcex 
W% C X TaKiix, hto n A" 7^ 0. 3aMeTHM, hto ecjiH K cbh3ho, to cbjqho 
h lv*. Bojiee toto, C B rn (i n (K)). TaK, H3 npefljiojKenHH 2.4 nojryraeM, 

hto fljia jiio6oro e > cymecTByeT d > TaKoe, hto 

r„ + diam A' < 5 => diam A* < e (**) 

IlpeflnojiojKiiM (*) He BepHO, Tor,a,a Moamo Bt>i6paTt> a;, x'<GXne,£>0 
TaKHe, HTO 

pull ie (x,x') > I > \ip n (x) ipn(x')\v n (A) 

npn Bcex n. B nacTHOCTH, pjin jiio6oro n cymecTByeT nyTb 7„: [0, 1] — > V n H3 
i/>n(x) b ip n (x') fljiHHbi < L Bbi6epeM 5 = 8{i, e) KaK b npefljiojKenHH 2.4. IlycTb 

3HaHCHHH = to < t± < • • • < t m = 1 TaKOBM, ^ITO 

diam7([«i_i,t i ])<|. (%%) 

Mojkho TaiQKe npeflnojiojKHTb, hto m ^ 2- |~|] . fljis KajK^oro ti Bbi6epeM TOHKy 
Xj € j(U)* C A". 5Icho, HTO 

\i(xi) i n °l{ti)\v.d < 2-a n . (A**) 

Otmcthm, hto Xi-\,Xi <E 7([£j_i,£j])*. 3HanHT, (JJ) h (**) BjiexyT 

< diam7„([tj_i,tj])* < e 

fljia Bcex floCTaTOHHO 6ojii>ihhx n. OTCiofla, totkh Xj o6pa3yiOT e-n,em> bib 
x', h (A**) Bjie^eT 

m 

pull li£ (x,x') < ^ |l(Xj_i) l(Xj)| < 
i=l 
m 

< ^ K°7nfti-l) «n°7n(*i)l + 4-a„-|~§] < 
i=l 

<^ + 4-a„-r|l, 

hto npoTHBopenHT (A) W 13 flOCTaTOHHO 6ojibinnx n. □ 

3aMe%aHue. B nocTpoeHHOii o6paTHOii CHCTeMe ((p m ,n,'Pn), o6pa3Bi ip m , n o6pa- 
3yiOT v^'On-ceTb b V n . H3 SToro cjie,nyeT, hto npocTpaHCTBO X H30MeTpHHHO 
npe^ejiy V n no FpoMOBy — Xayc/ippcpy (cm. TaiQKe pa3^eji 2). 

/I,oKa3ameM>cmeo npedjiomcenusi 1.7. HepaBencTBO d ^ m cjie^yeT H3 CTapTO- 
Boro npefljiojKeHHH 1.1. JJjir /jOKasaTejibCTBa BTopoii nacTH HaM noTpe6yiOTCH 
,n,Ba yTBepjKfleHHH: 

1. npe,n,nojiojKHM, 1: fi C M d — > E m ecTb BHyTpeHHaa H30MeTpira, Tor^a % 
— jiHnniHireBO fljia eBKjiiiflOBOil mctphkh Ha f2. Bio TeopeMe Pa/i,eMaxepa 
(cm. [11, 3.1.6]) flndpcpepemiHaji d p i onpeflejieH pjin noHTH Bcex p g f2. 

2. IlycTB 7(i) — KpHBaa c HaTypajibHbiM napaMeTpoM b MeTpn^ecKOM npo- 
CTpaHCTBe. Tor^a 

|7(*o)7(*o + e)| =£ + o(e) 
^jih noHTH Bcex 3HaHeHHii napaMeTpa to, cm. [3, 2.7.5]. 
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06o3HaHHM nepe3 ||*|| HopMy, KOTopaa iiimyipipyeT MeTpiiKy Ha M d . 3acpHKCH- 
pyeM bcktop u TaKoii, hto \\u\\ = 1. PaccMOTpnM nyneK KpiiBbix BHfla p + u-t b 
f2. IlpHMeHHB 06a BbinienpHBefleHHbix y tbgp jk^ghhh , nojiynaeM, hto |g? p z(i;)| == 
== \\v\\. OTcro^a cjie^yeT TOJKflecTBO napajijiejiorpaMMa 

2-(lM| 2 + HH| 2 ) = \\v + w\\ 2 + \\v - w\\ 2 

PJISl JIK)6bIX BeKTOpOB V H W. To eCTb HOpMa ||*|| eBKJIHflOBa. □ 

4 06 H30MeTpnax Ha nyTax 

B 3tom pa3flejie cpaBHHBaeTca noHHTiie BHyTpeHHeft H30MeTpiin c 6ojiee pacnpo- 
CTpaHeHHbiM (h MeHee cctcctbchhbim) iiohhthgm H30MeTpiiii Ha nyTax h cjia6oft 
H30MeTpHH Ha nyTsrx. 

4.1. Onpe^ejieHHe. Ilycmb X u~y cymb npocmpancmea c eHympewHeu Mem- 
puKou. Omo6pawceHue i: X — > y naaueaemcsi 

1. H30MeTpHeft Ha nyTax, ecAU 3ah ak>6ou Kpueou 7 e X eunoAHRemcfi 

length 7 ~ length 107. 

2. cjia6oH H30MeTpneii na nyTax, ecAU 3ar ak>6ou cnpsiMAsieMou Kpueou 7 e 
X eunoAHfiemcM 

length 7 = length 1 o 7. 

KaK 6bijio OTMeneHO b pa3flejie 2. jno6aa BHyTpeHHHH H30MeTpHH sBjiaeTca 
H30MeTpneii Ha nyiax (b nacTHOCTH, cjia6oft H30MeTpHeii Ha nyrax). ^ajiee mm 
noKa>KeM, hto o6paTHoe He BepHO. ^jih cjia6oft H30MeTpHH Ha nyTax ecTb oneHb 
npocroft npHMep: paccMOTpHM jieBOHHBapnaHTHyio cy6piiMaHOBy MeTpHKy d Ha 
rpynne refi3eH6epra H . Tor,a,a <paKTopH3an,Hs: no ueHTpy ecTb cjia6aH H30MeT- 
pHH Ha nyrax (H , d) — > E 2 , KOTopaa He aBjiaeTCH H30MeTpHeft Ha nyTax h y*; 
TeM 6ojiee BHyTpeHHeft H30MeTpneft. 

4.2. IIpHMep. Cymficmeyem KOMnaKmnoe npocmpancmeo c enympeHHeu Mem- 
puKou X u usoMempusi na nymsix f: X — > R manasi, umo / _1 (0) — ceji3H0e 
HeodHomoueuHoe MHoatcecmeo. 

BoAee mozo, e maKOM npuMepe pa3MepHocmb JIe6eea y / _1 (0) MODtcem 
6umb cdeAana npou3eoAbno 6oAbiuou. 

B nacTHOCTH, anajior 1.1 He BbinojiHaeTCH pjisi H30MeTpnft Ha nyTax. 

HnjKenpHBefleHHoe nocTpoeHHe npocTpaHCTBa X no,i];cKa3aji mhg JX- Byparo; 
oho Hcnojib3yeT flBe K^en: (1) nocTpoeHne b [4, 3.1], (2) nocTpoeHne nceedodysu 
Knacmepa b [8] (cm. TaKsce o63op [10]). B stom nocTpoemiH / _1 (0) roMeoMopcp- 
ho npoH3Be,n,eHHio nceBflo/ryr. 

IIocmpoeHue. FlpocTpaHCTBO X 6yn,eT nojiyneHO KaK nonojiHenne T neKOToporo 
MeTpH^ecKoro rpacpa 6 T. 

CHanajia onnnieM nocTpoemie / no MOflyjno nocTpoeHiis T. IlycTb T ~ T\T. 
PaccMOTpnM OTo6pajKeHHe / : r — > R, r,n,e f(x) — paccToaHne ot x pp T. One- 

BHflHO, HTO / COXpaHHeT flJIHHBI KpHBBIX B T H /(f) = 0. 3HaHHT, flOCTaTOHHO 

npefltHBHTb TaKoft rpacp T, hto 

6 to ecTb, jiOKajifcHO KOHe^Horo rpa<|)a c BHyTpeHHeft MeTpuKOH , Ka>Kfloe pe6po KOToporo 

H30M6TpiIMH0 OTpe3Ky npHMOH. 
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(i) f cbh3ho ii coflepjKHT napy pa3jiHHHMx ToneK; 

(ii) / coxpanaeT fljiHHbi Bcex KpiiBbix b T (a He TOjibKO Tex ,ito jieacaT b T) . 

IIocmpoeHue T. IlycTb I i J ecTb jxBa BemecTBeHHbix OTpe3Ka. HenpeptiBHaa 
crop-beKinis: h: I — > J Ha3biBaeTCH e-cKpmueHHou, ecjin jijih jno6bix 3HaHeHiifi 
ti < t% b I cymecTByiOT npoMejKyTOHHBie SHaneHira ti < t' 2 < t' x < £2 TaKHe, 
hto \h{t' t ) - h{U)\ < £ ajih i e {1,2}. 

CymecTBOBaHHe e-CKpioieHHOii dopTseKiniii ajih npo- 
H3BOjibHoro e > MOJKeT 6bitb jierKO noKa3aHO HH/ryK- 
inieii no n = -length J] . 

3a<piiKCHpyeM nocjieflOBaTejibtiocTb BemecTBeHtibix 

HHTepBajIOB JJ n C ^-CKpiOHeHHblMH KOpOTKHMH CK)p r beK- 

pain /i„ : J„ — > J n _i. 3aMeTHM, hto TonojiornnecKHn 
o6paTHbiit npe^eji Joo = lim J„ ecTb cbs3hbih komiicIkt, 
KOTopbift He co,n;ep}KHT HeTpuBnajHjHbix nyTeii. 

MOJKHO CHHTaTb, HTO J„ eCTb JIHHeilHblH MeTpH^ec- 

khh rpaep c /i,jihhoh Kaac/i,oro pe6pa ^ IIoctpohm 
rpaep T 113 U n J„, noflcoeflHHHB pe6poM fljiHHbi ^ ksjk- 
ffyTO BepniiiHy v H3 J„ k BepniHHe H3 JJ n _i, HaH6ojiee 
6jih3koh k h n (v). Torjia T roMeoMopcpHO Joe, OTCK>,a,a 
cjie^yeT (i). 

06o3HaHiiM nepe3 r„ KOHeiHbiii noflrpaeb T c Bepinii- 
HaMH b JJi, J2, . . . , I n . II o nocTpoeHHio cymecTByeT ko- 
poTKoe OTo6pajKeHiie r„ — > r n _i TOo-K/jecTBeHHoe Ha T, 
a: [0,1 
(ii). 




TpacpHK e-CKioieH- 
Horo OTo6pa»:eHiiH. 

1. 3HanHT, fljia nyTH 
f o6maH A-nima cx\T He mojkst 6bitb MeHbine |a(0) a(l)|p . OTCiojia 



Bmopasi Hacmt>. Mm nocTpoiiM rpaep r' m ' TaK, hto f ' m ' roMeoMopcbeH npora- 
Beflfiumo m KonHH T. 

JXw npocTOTbi paccMOTpHM TOjibKO cjiy^iaii m = 2 — ocTajibHbie cjiynan 
aHajiorHHHbi. Mhojkcctbo BepniHH T^ 2 ' ecTb U„(Vert J„ x Vert J„), r^e Vert JI n 
o6o3HanaeT MHOxcecTBO BepniHH b J n . Coe/niHHM jrse BepniHHbi (x, y) G Vert JJ ra x 
VcrtJ„ 11 (x',y') £ Vertjfc x VertJJ/c, ecjiH napw (x,x') h (y,y') coe/riiHeHbi b 
r, h npiiniinieM STOMy pe6py fljiHHy, paBHyio MaKCHMyMy ajihh peSep xx' h yy' 
(mbi CHHTaeM, hto KajK^aa BepiHiina noflcoeflHHeHa k ce6e pe6poM ^jihiim 0) . 

Ilo nocTpoeHHio roMeoMopcpHO npoH3Be/i,eHHio nceBflo/ryr. Otmcthm, 
hto ecTecTBeHHbie npoeKH,iiH <ri,^2- T^ 2 ^ T hbjihiotch kopotkhmh. 3HaHHT, 
ji.jifl: jno6oro nyTH a : [0, 1] — > T 2 o6nj,aH ,u,jiHHa a\T He mojkct 6biTb MeHbine 
maxj |?jOa(0) ^oa(l)|. TaKHM o6pa30M, r' 2 ^ 6HjiHnniHH,eBO 3KBHBajieHTHO npo- 
H3Be,n;eHHio T x T. □ 



5 3aMenaHHa h OTKpbiTbie Bonpoct>i 

IIpocTpaHCTBO M. c BHyTpeHHeii MeTpiiKOii Ha3biBaeTCH d-MepnuM noAuadpoM 
Muhkobckozo, ecjiH cym,ecTByeT KOHeHHaH TpHaHryjiHHHfl M. Taxaa, hto Ka»c- 
flbiit CHMnjiexc HSOMeTpHneH ciiMnjieKcy b npocTpaHCTBe MiiHKOBCKoro. Coot- 
BeTCTBeHHO, KOMnaKTHoe MeTpnnecKoe npocTpancTBO X Ha3biBaeTCH npoMun- 
kobckum npocmpaHcmeoM paHra d, ecjiH oho HBjiHeTCH o6paTHbiM npeflejiOM 
d-Mepnbix nojiHSflpoB MnHKOBCKOro. 
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5.1. Bonpoc. Bepno au, umo Aw6oe KOMnaKmnoe npocmpancmeo c enym- 
penneu MempuKou u pasMepnocmbw Jle6eza d neARemcsi npoMUHKoecKUM npo- 
cmpaHcmeoM pama d ? 

Bojiee KOHKpeTHBifi Bonpoc: 

5.2. Bonpoc. Bepno au, umo Aw6oe MiempunecKoe npocmpaHcmeo zoMeo- 
Mopqinoe ducKy ecmb npoMUHKoecKoe npocmpaHcmeo pama 2? 

3tot Bonpoc mojkho nepecbopMyjinpoBaTb no-cbrurococbcKH: Ecmb au cyuifi- 
cmecnnasi pa3nuup, Meotcdy npocmpancmeaMU ecex enympennux MempuK na 
deyMepnoM Mnozoo6pa3uu u ecex tfiuncAepoeux MempuK na neM otce? 3tot 
Bonpoc, nocTaBjieHHbiii ,ZL Byparo, nojioscnjr Hanajio HacToaru,eri CTaTte (cm. 
TaKace [4, TeopeMa 1]). 

3aMeTiiM, hto BjiojKeHHe KypaTOBCKoro x <— ¥ dist K /raeT peineHiie cjie/ryio- 
m,ero ynpajKHeHiia. 

5.3. YnpaiKHeHHe. IloKaotcume, umo Aio6oe KOMnaKmnoe npocmpancmeo c 
enympenneu MempuKou neAsiemcsi o6pamnuM npedeAOM nocAedoeameAtnocmu 
noAuodpoe Muhkobckozo M. n c dimA4„ — > oo. 

5.4. Bonpoc. Bepno au, umo AK>6asi u30MempuM na nymnx U3 3aMKnymozo 
eeKAudoea mapa e eeKAudoeo npocmpancmeo KeAnemcR enympenneu u30Mem- 
pueu? 
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On intrinsic isometries to Euclidean space. 

Anton Petrunin 



Abstract 

I consider compact metric spaces which admit intrinsic isometries to 
Euclidean d-space. The main result roughly states that the class of these 
spaces coincides with class of inverse limits of Euclidean d-polyhedra. 



1 Introduction 

The intrinsic isometries are defined in section 2; it is a variation of notion of 
path isometry, i.e. map which preservs the lengths of curves. Any intrinsic 
isometry is a path isometry, the converse does not hold in general. 

The following statement is one of the reason we prefer intrinsic isometry. 

1.1. Trivial statement. Let X be a compact metric space which admits an 
intrinsic isometry to d- dimensional Euclidean space (further denoted by K d ). 
Then dim X ^ d, where dim denotes the Lebesgue 's covering dimension. 

This statement is proved in section 3. An analogous statement for path 
isometry does not hold, see example 4.2. The Hausdorff dimension can not be 
bounded on the similar way. For example, R-tree admits an intrinsic isometry 
to M. and it contains compact subsets of arbitrary large Hausdorff dimension. 

Here arc some known results on length spaces which admit intrinsic isometry 
to E d . 

1.2. Theorem. Let 71 be d-dimensional Riemannian space and f : 1Z — > E d be 
a short map 1 . Then given e > 0, there is an intrinsic isometry i: 1Z — > E d such 
that 

\f(x)t(x)\ E d < e 

for any x E 1Z. 

In particular, any Riemannian d-space admits an intrinsic isometry to E d . 

For path isometries, this theorem was proved in [Gromov, 2.4.11], and the 
same proof works for intrinsic isometries. Applying this theorem, one can 
show that any limit of increasing sequence of Riemannian metrics on a fixed 
d-dimensional manifold admits an intrinsic isometry to E rf . (The proof is simi- 
lar to "if'-part of the main theorem.) In particular, any sub- Riemannian metric 
on d-dimensional manifold admits an intrinsic isometry to E d . 

1.3. Theorem. Let V be a Euclidean polyhedron and f: V — > E d be a short 
map. Then, given e > 0, there is a piecewise linear intrinsic isometry i: V — > K d 
such that 

\f(x)i(x)\ E d < e 



M.e. 1-Lipschitz map 



1 



for any i£P. 

1.4. Corollary. Any d- dimensional Euclidean polyhedron admits a piecewise 
linear intrinsic isometry to K d . 

The corollary was proved in [Zalgaller] for dimension ^ 4, but a slight mod- 
ification of the proof works in all dimensions, see [Krat]. The 2-dimensional 
case of this theorem was proved in [Krat]. Later, the proof was extend to all 
dimensions in [Akopyan] ; the proof use a piecewise linear analog of Nash-Kuiper 
theorem. This theorem was proved in [Brehm], but this work was left without 
attention for many years and reproved independently in [Akopyan-Tarasov] . 

Iff-condition. Now we describe the main result of the paper. 

A compact metric space X is called pro-Euclidean space of rank ^ d if it 
can be presented as an inverse limit X = ^im V n (see section 2) of a sequence 
of Euclidean d-polyhedra V n . 

1.5. Main theorem. A compact metric space X admits an intrinsic isometry 
to E d if and only if X is a pro-Euclidean space of rank ^ d. 

The proof is straightforward. I like the formulation of the theorem; it seems 
to be the first case when inverse limits help to solve a natural problem in metric 
geometry. 

Note that the statement in theorem 1.2 (in the compact case) is equivalent to 
the fact that any compact Riemannian d-space is a pro-Euclidean space of rank 
^ d. The later can be obtained directly from the following exercise; this way 
the main theorem provides an alternative proof to theorem 1.2 in the compact 
case. 

1.6. Exercise. Show that any compact Riemannian space admits a Lipschitz 
approximation by Euclidean polyhedra. 

A non-example. Let us remind that Minkowski space is finite dimensional 
real vector spaces with metric induced by a norm. 

1.7. Proposition. Let 57 be an open subset of Minkowski d-space M d . Assume 
f2 admits an intrinsic 2 isometry to E m then d ^ m and M. d is isometric to a 

In particular, the condition 1.1 on Lebesgue's dimension is not sufficient. 

I'm grateful to A. Akopyan, D. Burago, S. Ivanov and anonymous referee 
for helpful letters and discussions. 

2 Preliminaries 

Standard definitions. Given a metric space X and two points x,x' £ X, we 
will denote by \xx'\ = \xx'\x the distance from x to x' in X. 

A length space is a metric space such that for any two points x, x' the distance 
\xx'\ coincides with the infimum of lengths of curves connecting x and x' . 

2 In fact the same is true for path isometry. 
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A map / : X — > y between metric spaces X and y is called short if for any 
x, x' € X we have 

\f(x)f(x')\y < \XX'\ X . 

A length space V is called Euclidean d-polyhedron if there is a finite trian- 
gulation of V such that each simplex is isometric to a simplex in E d . 

Inverse limit. Consider an inverse system of compact metric spaces (X n )^L 
and short maps <^ m! „ : X m X n for m ^ n; i.e., 

1- <Pm,n ° ¥k,m = fk,n for any triple k^m^t n and 
2. for any n, the map </9 nj „ is identity map of X n . 

A compact metric space X is called inverse limit of the system (ip m ,n, X n ) 
(denoted by X = X n ) if its underling space consists of all sequences x„ £ X n 
such that l ~p m ,,n[xrn) = %n for all m ^ n and for two such sequences (x n ) and 
(x' n ) the distance is defined by 

\{x n ) (x' n )\ x = lim \x n x' n \ Xn - 

n—¥oo 

If X = ^\m.X n , then the map ip n : X — > ,Y n , defined by V'n : (^i)iZo ^ are 
called projections. Clearly ip n = ip m , n ° "0m for all m ^ n. 

Comments. The above definition is equivalent to the usual inverse limit in the 
category with class of objects formed by compact metric spaces and class of 
morphisms formed by short maps. 

Note that inverse limit is not always defined, and if defined it is the result 
is compact by definition. (In principle, the category of compact metric spaces 
can be extended so that the limit of any inverse system is well defined.) 

It is easy to see that inverse limit of length spaces is a length space. 

In general, the inverse limit of a system of spaces differ from its Gromov- 
Hausdorff limit. For example, consider inverse system X„ = [0, 1] with maps 
ip mi n(x) = 0. The inverse limit of this system is isometric to one-point space, 
while the Gromov-Hausdorff limit is isometric to [0, 1] . Nevertheless, it is easy to 
see that if for any e > the images of ip m ,n form an e-net in X n for all sufficiently 
large m and n, then X = lim X n is isometric to the Gromov-Hausdorff limit. 

Intrinsic isometries and pull back metrics. Let X and y be metric spaces 
and /: X — > y be continuous map. Given two points x,x' € X, a sequence of 
points x = Xo, x\, . . . , x n = x' is called e-chain from x to x' if ^ e for 

all i > 0. Set 



pull /)B (x,x') = inf |X] l/fci-O/fcOly j 

where the infimum is taken along all e-chains (xi)™ =0 from x to x' . 

Clearly pullj e is a pre- metric 3 on X and pull^ e (x, x') is non-increasing in 
e. Thus, the following (possibly infinite) limit 

puIL (x, x') = lim pull f Jx,x') 



3 i.e. it satisfies triangle inequality, it is symmetric, non-negative and pull^ £ (x,x) = 0, but 
it might happen that pull^ E (x,x') = for x ^ x' . 
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is well defined. The pre-metric pull^ : X x X — > [0, oo] will be called pull back 
metric for /. 

A map / : X — > y between length spaces X and y is an intrinsic isometry if 

\xx'\x = puHf(x, x') 

for any x, x' € A". 

Any intrinsic isometry is a short map. Moreover, it is easy to see that 
intrinsic isometry preserves the lengths of curves. The converse does not hold, 
see section 4. 

2.1. Proposition. Let X be a compact (or even proper 4 ) metric space. Then 
existence of intrinsic isometry f : X — > y implies that X is a length space. 

The proof is left to the reader. Note that for general X it is not true. 
Consider two points which connected by countable number of unit intervals I„ 
and one interval of length i; equip the obtained space with natural intrinsic 
metric. Let us remove from our space the interval of length |. The metric on 
the remaining space X is not intrinsic. Further let us construct a map / : X — > R 
so that the restriction /„ = /|i n is an intrinsic isometry, /„(0) = 0, / n (l) = \ 
and f n {x) converges uniformly to |. It is easy to see that /: X — > R is an 
intrinsic isometry 

2.2. Proposition. Let X and y be metric spaces, X be compact and the con- 
tinuous map f : X —> y is such that 

sup pully(x, x') < oo. 

x,x' £iX 

Then given e > there is 8 = 6(f, e) > such that for any short map h: X — > y 
such that 

h(x)\y < S for any x € X 

we have 

pullj(a;,x') < pull^a;, x) + e 

for any x,x' £ X . 

The proof is a direct application of the lemma 2.3. 

For a compact metric space X, we denote by pack e X the maximal number 
of points in X on distance > e from each other. Clearly pack e X is finite for any 
e > 0. 

2.3. Lemma. Let X and y be metric spaces, X is compact and f,h: X — > y 
be two continuous maps. 

Assume for any x € X, \f(x)h(x)\ < S then for any x,x' £ X we have 

pully £ (x, x') ^ pull^ e (x, x') + 4-(5- pack E X. 

Proof. Assume pull^ e {x, x') < £, i.e. there is an £-chain {xi}" =0 from x to x' 
such that 

n 

Y,\Kxi-l)h{Xi)\y<£. (*) 
i=l 

4 I.e. all closed bounded sets in X are compact. 
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Since \h(xi)f(xi)\ < 6, 



pu\\ fe (x,x) < ^2 \f(xi-i) f(xi)\y < ^2 \h(x l - 1 )h(x l )\ y + 2-n-S 

i=l i=l 

Assume n is the smallest number for which there is an e-chain satisfying (*). 
It is enough to show that 

n < 2- pack e X. 

If n ^ 2- pack e X, there are i and j such that j — i > 1 and la^Xjl ^ e. 
Remove from this chain all elements Xk with i < k < j; i.e. consider new 
e-chain 

X Xq , . . . , Xi—\ , Xi , Xj , Xj-\-\ , . . . , X 

By triangle inequality in 3^, the new chain satisfies (*); i.e. n is not the smallest 
number, a contradiction. □ 

2.4. Proposition. Let X andy be metric spaces, X be compact andi: X — > y 
be an intrinsic isometry. 

Then given e > there is 8 = <5(i,e) > such that for any connected set 
W C X 

diami(W) < S =>■ diamVF < e. 



Proof. Assume contrary, i.e. there is a sequence of connected subsets W n C X 
such that diamz(W„) — > as n — > oo but diamW„ > e. Thus there are two 
sequences of points x n ,x' n € W n such that |£ n a4| ^ £■ Pass to a subsequence 
of n so that W n — > W in Hausdorff sense and We obtain 

a closed connected subset W C X with two distinct points x and a/ such that 
i(W) = p for some p £ y. 

Since is connected, for any e > there is an e-chain (xi)?=o from x to x' 
such that i(xi) = p for all i. Thus, we have pull, e (x, x') = for any e > 0; i.e., 
pull^x, x') = 0, a contradiction. □ 



3 The proofs 



Proof of the trivial statement (1-1). Given e > choose 8 = <5(i,e) as in 
proposition 2.4. Since dimE d = d, there is a finite open covering {[7j}£_j of 
with multiplicity ^ d + 1 and such that di&mUi < 5 for each i. 
Consider the covering {V^} of X by connected components of for all 

i. According to proposition 2.1, X is a length space. In particular, all sets V a 
are open. According to proposition 2.4, diamV Q < e. Clearly multiplicity of 
{V a } is at most d+1. Thus, the statement follows. □ 

Proof of "if" in the main theorem (1.5). Let A" be a pro-Euclidean space of 
rank ^ d. Assume ( r P n )% D = o is a sequence of d-dimensional Euclidean polyhedra 
and 

is an inverse system of short maps such that X = lim V n . Let ip n : X — > V n be 
the projections. 
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According to theorem 1.3, given £„+i > and a piecewise linear intrinsic 
isometry i n : V n — > K d there is a piecewise linear intrinsic isometry i n +i ■ V n +i — > 
-> E d such that 

\l„ + l(x) l n °y n +l, n {x)\ < £„+i. 

for any x G Pn. It remains to show that sequence e n can be chosen on such a 
way that i n otp n converges to an intrinsic isometry i: X — > E d . 
Let us choose e n+ i > so that 

e n+ i < \ min{e„, 8(i n , ^)} , 

where S(i n , — ) as in proposition 2.2. Clearly, ^ Ei < oo, thus the the following 
limit exists 

l = lim i n o ip n , i: X — >• E ci . 
Obviously, « is short. Further, for any x € X, 

oo 
z— n+1 

Thus, according to proposition 2.2, 

pull^x') + i > pul^o^^.x') > 1^0*0 V>nOO|Pn- 

Since |^ n (a;) ^ n (x')|p n — > law' | at as n — > oo, the map z : X — > E d is an intrinsic 
isometry. □ 

Proof of "only if" in the main theorem (1.5). We will give a construction a 
polyhedron V associated to an intrinsic isometry i: X — > E d and a tiling of 
E d by coordinate a-cubes. (The space V will be glued out of a-cubes.) The 
construction will be done in such a way that if a tiling r' is a subdivision of 
a tiling r then for corresponding polyhedra V 1 and V there will be a natural 
intrinsic isometry V 1 — > V . Thus we will construct the needed inverse system of 
polyhedra out of nested subdivisions of E d . 

Take sequences a n = ^ and set r„ = j^-a n . Fix n for a while and consider 
tiling of E d by coordinate a n -cubes. Let us construct a Euclidean polyhedron 
V n associated to this tiling. 

The image i(X) is covered by finite number of such a n -cubes, say {D^}. For 
each D l n , consider all connected components {W^- 7 } of 

B rn {i-\n n ))(i x, 

where B r (S) denotes r- neighborhood of set S. 

According to proposition 2.1, X is a length space. In particular, each set 
W% is open and contains a ball of radius r n . Thus for fixed i the collection of 
open sets {W$} is finite . Therefore the set of all {W^ J } for all {O n } forms a 
finite open cover of X. For each WJ^ make an isometric copy □Jf of D n and fix 
an isometry 1% : n% — > O n . The Euclidean polyhedron V n , is glued from D% by 
the following rule: glue D n ljl to D^ 2 along {i^ h )~ l o^ iff W n ljl nW hj2 ^ 0. 
(The map (in 2 -* 2 ) -1 ° in Jl sends one of the faces of isometrically to a face 

of 
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The constructed polyhedron V n admits a natural piecewise linear intrinsic 
isometry i n : V n — > E d , defined as i n {x) = i%(x) if x € DJf . Further, there is 
uniquely defined intrinsic isometry (p m ,n '■ V m — > Vn for m ^ n which satisfies 

I'm = *n ° tpm,n and 

K „(D^)C^CP„ W%'cW}?CX. 

Further, set ip n : X V n to be intrinsic isometry which uniquely determined 

by i n ° "0n = 1 an d 

Clearly, "P„ together with <^ m)n form an inverse system and ip n = tp m . n o ?/> m for 
any pair m ^ n. 

In order to prove that X = lim V n , it only remains to show that 

\xx'\ x < lim |V' n (a;)i/) n (a;')| (*) 

for all x, x' £ A". 

Given a subset K C V n , let us denote by if* C A" the union of all W$ C A" 
such that H if 7^ 0. Clearly, if if is connected then so is if*. More over, 
«(if*) C B rn (i n (K)). Thus, from proposition 2.4, we have that for any e > 
we can find S > such that 

r„ + diam if < S =>■ diam if* < e (**) 

Assume (*) is wrong, then one can choose x,x' € X and e,£ > so that 

pull l £ (x,x') > £ > |V„(x)V„(x')|7>„ (A) 

for all n. In particular, for all n there is a path y„ : [0, 1] — > V n from i/} n (x) to 
ipn(x') with length < £. Choose <5 = 5(«,e) as in proposition 2.4. Let = to < 
< t\ < ■ ■ ■ < t m = 1 be such that 

diani7([t i _i I t i ])<f. («) 

Clearly one can assume that m ^ 2- [4]. For each choose a point Xj £ 
£ 7(*i)* C A; clearly 

|z(xj) i„o7(tj)| E d < 2-a„. (*****) 
Note that x 4 _i,Xj <G j([ti-i, ti])*. Thus, and (**) imply that 

|x 4 _iXj| < 6iaxaj n ([ti-i,ti])* < e 

for all large n. Thus xi forms an e-chain from x to x', and (#***) implies 

m 

pull i e (x, x') < Kxj-l) l(Xj)| < 

i=l 
m 

i=l 
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which contradicts (***) for large enough n. 



□ 



Remark. In the constructed inverse system (ip m ,m T J n ) 1 the images of ip m . n form 
a y/d-a n -net in V n - It follows that the space X is isometric to the Gromov- 
Hausdorff limit of V n (see also section 2). 

Proof of proposition 1.7. The inequality d ^ m follow from trivial statement 
1.1. In the proof of the second part, we use the following two statements: 

1. Assume i: Vt C M d —> K m is an intrinsic isometry, then it is a Lipschitz 
map for a Euclidean structure on fi. Thus, according to Rademacher's 
theorem (see [Federer, 3.1.6]) the differential d p i is well defined almost all 

2. For any curve j(t) with natural parameter in a metric space, we have that 
for almost all values of parameter to we have 

|7(*o)7(*o+e)| =e + o(e), 

sec [BBI, 2.7.5]. 

Let us denote by ||*|| the norm which induces metric on M d . Fix u so that 
= 1. Consider pencil of lines of the form p + u-t in tt. Two statements 
above imply that |d p i(i>)| == Hence we obtain parallelogram identity 

2'(IMi 2 + IM| 2 ) = \\u + v\\ 2 + \\u - v\\ 2 
is satisfied for any two vectors v and w. I.e. the norm |j*|| is Euclidean. □ 

4 About path isometries 

In this section we will relate the notion of intrinsic isometry defined in section 2 
with more common (but less natural) notion of path and weak path isometries. 

4.1. Definition. Let X and y be two length spaces. A map i: X —¥ y is called 

1. path isometry if for any path 7: [0, 1] — > X we have 

length 7 = length 1 o 7. 

2. weak path isometry if for any rectifiable path 7: [0, 1] — > X we have 

length 7 = length 1 o 7. 

As it was noted in section 2, any intrinsic isometry is a path isometry (and 
therefore, a weak path isometry). Next we will show that converse does not 
hold. Similar counterexamples for weak path isometries are much simpler: one 
can take a left-invariant sub-Ricmannian metric d on Heiscnberg group H then 
factorizing by center gives an weak path isometry (H, d) — > E 2 (which is not a 
path isometry and thus not an intrinsic isometry). 

4.2. Example. There is a length space X and a path isometry f : X — > K such 
that / -1 (0) is connected nontrivial subset. 
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Moreover, in such example the Lebesgue covering dimension of f 1 (0) can 
be made arbitrary large. 

In particular, an analog of 1.1 does not hold for path isometrics. 

The following construction was suggested by D. Burago; it is based on two 
ideas: (1) the construction in [BIS, 3.1], (2) the construction of pseudo-arc given 
in [Knaster] (see also the survey [Lewis] and references therein). In fact, for the 
first part of theorem / _1 (0) will be homeomorphic to a pseudo-arc and for the 
second part / _1 (0) will be homeomorphic to a product of pseudo-arcs. 

Proof. The space X will be a completion T of certain metric graph 5 T. 

First let us describe the construction of / modulo a construction of T. Set 
I 1 = r\r. Consider map /: T — > R, where f(x) is the distance from x to T. 
Then / is a path isometry on T and f(T) = 0. To finish that proof we will have 
to construct T on such a way that 

(i) r is connected and contains more than one point; 

(ii) / is a path isometry on whole T (not only on T). 

Construction of T. For two real intervals I and JJ, a 
continuous onto map h : I — > J will called e-crooked if for 
any two values t\ < t 2 in I there are values t\ < t' 2 < 
< t[ < t 2 such that - h(tj)\ ^ e for i G {1, 2}. The 

existence of e-crooked map for any given I and e > is 
easy to prove by induction on n = [|- length J]. 

Let us fix a sequence of real intervals Jf„ with short 
^--crooked maps h n : J n — s- J„_i. The topological in- 
verse limit Joo = Um J n is a connected compact which 
has no nontrivial paths. 

We can think of JT„ as a (linear) metric graph with 
length of each edge ^ ^ . Construct a graph V from a 
disjointed union U„J[„ by joining each vertex v of J„ to a vertex of JJ„_i which 
is closest to h n (v) by an edge of length Then L is homeomorphic to Joo; 
thus we get (i). 

Let us denote by T n the finite subgraph of T formed by all vertexes in 
Ji, J2, ■ • ■ , Jn- Note that there is a short map r„ — > r„_i which is identity on 
r n _i. It follows that for any path a: [0, 1] — > f wc have that the total length 
of a\L is at least |a(0)a(l)|p. Thus (ii) follows. 

Second part. We construct a graph r( m ) to make r^™) homeomorphic to a 
product on m copies of T. 

We will do the case m = 2; the others are analogous. The set of vertexes 
of r^ 2 ) is disjoint union U„(Vert J„ x Vert J„), where Vert J„ denotes the set 
of vertexes of J n . We connect two vertexes (x 7 y) € VertJ„ x VertJ„ and 
{x\y') £ Vertjfc x VertJTfc iff the pairs (x,x') and (y, y') were connected in T; 
the length of this edge must be maximum of lengths of edges xx' and yy' (we 
assume that a vertex is connected to it-self by an edge of length 0). 

Clearly, there is a homeomorphism P 2 ' 4 T x T. Note that there are two 
short coordinate projections <ri,c;2 : T^ 2 ) — s- T. Thus for any path a: [0, 1] — s- f 2 , 




Graph of an 
£-crooked map. 



5 i.e., locally finite graph with intrinsic metric, such that each edge is isometric to a real 
interval. 
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we have that total length of a\T is at least as big as max; |^oa(0) qoa(l)|. That 
ensures that pulled back metric on is bi-Lipschitz to the product metric on 
f xf. □ 



5 Comments and open questions 

A length space M is called Minkowski d-polyhedron if there is a finite triangu- 
lation of M such that each simplex is isometric to a simplex in a Minkowski 
space. Correspondingly, a compact metric space X is called pro- Minkowski space 
of rank ^ d if it can be presented as an inverse limit of Minkowski d-polyhedra. 

5.1. Question. Is it true that any length space with Lebesgue's covering di- 
mension d is a pro-Minkowski space of rank d ? 

Or even more specific: 

5.2. Question. Is it true that any metric space which homeomorphic to a disk 
is a pro-Minkowski space of rank 2 ? 

One can reformulate it philosophically: Is there any essential difference be- 
tween Finsler metric and general metric on n-manifold? This question was 
asked by D. Burago; it was also original motivation for this paper (see also a 
related example [BIS, theorem 1]). 

If one removes restriction on dimension, then the answer to the above ques- 
tion is YES. Namely, the following exercise can be solved by using Kuratowski 
embedding x n- distj,. 

5.3. Exercise. Show that any compact length space is an inverse limit of 
Minkowski polyhedra Ai n with 6iu\M n — > oo. 

5.4. Question. Is it true that any path isometry from a closed Euclidean ball 
to Euclidean space is an intrinsic isometry? 
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